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ABSTRACT
This paper presents the Hamiltonian-based error analysis applied to two-dimensional elasostatic problems. The accuracy enhancement is achieved by using the p-version of finite element
method. The results show that the Hamiltonian error has faster rates of convergence at lower
order of interpolation polynomials to compare with the energy error, and the Hamiltonian error
clearly indicates great error reductions at a certain polynomial order. This can not only obtain
an accurate enough solution but also save extra computational time. Another strategy is
presented by computing the residual of the Hamiltonian-based governing equations. Relative
values of residuals between elements can provide an index of selecting the best polynomial
orders. Illustrative examples show the validities of the two approaches.
Keywords: finite element method; error indicator; p-version; hamiltonian.

L’HAMILTONIEN COMME INDICATEUR D’ERREUR DANS LA VERSION-P DE
LA MÉTHODE DES ÉLÉMENTS FINIS

RÉSUMÉ
Cet article présente la méthode d’analyse d’erreur hamiltonienne appliquée à des problèmes
élastostatiques à deux dimensions. L’amélioration de la précision est obtenue en utilisant la « pversion » de la méthode des éléments finis. Pour comparer avec l’erreur d’énergie, les résultats
démontrent que la méthode hamiltonienne a des taux plus élevés de convergence pour des
polynômes d’interpolation d’un ordre inférieur. La méthode d’analyse d’erreur hamiltonienne
indique clairement des réductions d’erreur importantes à un certain degré de polynôme. Ceci
peut non seulement produire une solution assez précise, mais aussi permet d’économiser le
temps de calcul supplémentaire. Une autre stratégie est présentée qui utilise le calcul résiduel des
équations hamiltoniennes de base. La valeur résiduelle relative entre les éléments peut fournir
un indice de sélection du meilleur degré polynomial. Des exemples sont donnés pour illustrer la
validité des deux approches.
Mots-clés : méthode des éléments finis; indicateur d’erreur; version-P; hamiltonien.
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1. INTRODUCTION
There are the h- and p-versions of the finite element method to increase the level of accuracy.
The h-version refines the mesh and uses fixed order polynomials. The p-version uses a fixed
mesh, but increases the polynomial order. The h-version has been used for a long time [1–3]. The
major advantage is that it is easy to implement. In contrast, the p-version has fast rates of
convergence when the solutions are smooth [4]. Besides, the combination is called the hp-version
[5, 6]. Shape functions vary as the number of nodes increases. This causes programming
difficulties of the p-version. The hierarchic shape functions add new shape functions only when
the number of nodes increases. A set of useful families of the hierarchical p-version were
constructed [7, 8].
Error indicators are significant for evaluating accuracy of approximated solutions. An error
indicator based on solution gradients, interpolation errors, and a posteriori error estimates were
presented for the r-adaptive finite element method [9]. An anisotropic error indicator presented
in the frame of the Laplace equation was extended to elliptic and parabolic problems [10]. A
local error estimator corrected by a factor which depends only on the polynomial order of the
element consists in an enhancement of an error indicator [11]. An energy-based error indicator
consisting of modification of experimental measurements and numerical errors in the
integration algorithm was presented [12]. The above energy-based error indicators were used
in various applications. However, the indicators may not be very sensitive to errors when the
problem domain is discretized as a large number of degrees of freedom.
Different from previous energy-based error indicator, Tabarrok et al. exploited the property
that the Hamiltonian is invariant for some non-conservative systems [13]. This property of
invariance can be utilized to define an error indicator for verifying numerical results. Stylinanou
et al. provided the theory of Hamiltonian-based local error computations and the finite element
applications on elasto-statics and elasto-dynamics [14]. A formula based on the residual of the
Hamiltonian-based governing equation for a generalized conservation check was used to
compute the error of finite element solutions [15]. Tabarrok et al. generalized the principle of
least action by using the Hamiltonian [16]. This generalized principle can be formulated for the
varying-domain systems that are dependent on the second derivatives. Based on the previous
work, reference [17] presented two sets of generalized Hamiltonian formulations, matrix- and
scalar forms, which were defined as error indicators. Although the paper provides basic forms
of the Hamiltonians, their analytical expressions depend on the application problems. This
paper demonstrated only Euler-Bernoulli beam problems solved by the h-refinement to show
the validity of the Hamiltonians.
This paper utilizes the error indicators presented in [17] to address the following issues: (1)
two-dimensional elasto-static problems are solved by the p-version; (2) the analytical
expressions of the Hamiltonians for the cases of plane strain and plane stress are derived; (3)
the Hamiltonian-based error indicator shows the sensitivities to errors. In contrast, the energybased error indicator may not sense errors for high value of p when applying the p-version; (4)
the Hamiltonian-based error indicator is suitable as an error index when applying adaptive pversion.

2. HAMILTONIAN-BASED ERROR INDICATORS
2.1. Residual of Hamiltonian-based governing equations
For two-dimensional elasto-static cases, the residuals in terms of the Hamiltonians are
expressed as [14]
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a~


Ð 
S H11 nx zH21 ny dS,

b~


Ð 
S H12 nx zH22 ny dS

ð1Þ

where S is the boundary of the domain, nx and ny are components of the unit normal vector
outward to the boundary; the Hamiltonians terms H11, H12, H21, H22 are given as
H11 ~{LzP11 ux zP21 vx ,
H12 ~P11 uy zP21 vy ,

H21 ~P12 ux zP22 vx
H22 ~{LzP12 uy zP22 vy

ð2Þ

where L is the Lagrangian,
u and v are displacements along

 the x and y axes, respectively, and
P11 ~LL=Lux , P12 ~LL Luy , P21 ~LL=Lvx , and P22 ~LL Lvy .
An error indicator based on the residuals, Eqs. (1–2), is expressed as
ErrorðResÞ ~

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

 ﬃ
a2 zb2 2

ð3Þ

Equation (1) is the integration of a set of Hamiltonian-based governing equations over the
boundary of problem domain. If an exact solution is applied, the residual is zero. Thus, the
residuals can be error indices for approximated solutions.

2.2. Error of Hamiltonians
An error indicator based on the error of Hamiltonians is written as
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u 1,2 ð

.
uX



2
2
Hij ðEX Þ dV
ErrorðHamÞ~t
Hij ðFE Þ{Hij ðEX Þ
i,j

ð4Þ

V

where V is the problem domain; Hij(FE) and Hij(EX) are the Hamiltonians of the finite element
solutions and exact solutions, respectively; the Hamiltonians are functions of x and y.

2.3. Energy norm
The energy norm is introduced in order to be a benchmark, and it is defined as [4]
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ErrorðSEÞ~ jUEX {UFE j=UEX

ð5Þ

where UEX and UFE are strain energies of the exact solutions and finite element solutions,
respectively.

3. COMPARISON OF HAMILTONIAN AND ENERGY
3.1. Plane stress
The potential energy and the Hamiltonians are respectively expressed as [17]
ð



H11
U~ LdV , H~
H21
V

H12
H22
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x- and y- directions, respectively; E is the Young’s modulus;n is the poisson’s ratio; V is the
volume; the components of the Hamiltonians are
where L~
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3.2. Plane strain
Similarly, the potential energy and the components of the Hamiltonians are expressed as [17]
ð
U~ LdV

ð8Þ

V
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2
To compare the Hamiltonians and strain energy, strain energy is constant, but the
Hamiltonians, whose unit is Joul/m3, are functions of independent variables x and y. Also, the
Hamiltonians include quantities Pij’s, called momentum terms. Thus, the Hamiltonians can be
more sensitive according to the change of system momentum, and the error indicator defined in
Eq. (4) can provide more information in error indices of approximate solutions.

4. ILLUSTRATIVE EXAMPLES
4.1. Unstressed Circular Hole in an Infinite Plate
A classical problem of the circular hole in an infinite plate subjected to unidirectional tension
is considered and shown in Fig. 1 [4].
Two meshes of the plate are shown in Fig. 2. The p-version is used to enhance the accuracy of
solution, and the value p, degree of the element shape function, is increased from 1 to 10. Fig. 3
shows that the three error indicators vs. the square root of the number of degrees of freedom for
both meshes. The figure shows that the three errors converge monotonically. In contrast, the
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Fig. 1. A circular hole in an infinite plate subjected to tension s? .

normal stresses at the circle boundary shown in Fig. 4 do not converge monotonically. The
efficiency of the Hamiltonian-based approach is measured by reaching an expected accuracy
which depends on the assigned value of p. For a practical consideration, it is important to know
which p value may provide accurate enough solutions in order to save extra computations.
For the two-element mesh, Error(Ham) converges faster than Error(SE). This implies that
Error(Ham) is more sensitive than Error(SE). The results show that the value of p greater than 5
produces relatively small reduction of errors based on Error(Ham). It is concluded that p 5 5
provides the accurate enough solution. In contrast, the convergence rate of Error(SE) is like an
exponential function, and it is difficult to predict which p value provides enough accuracy.
Based on Fig. 4, the maximum x-directional normal stress occurs at node 3 (see Fig. 2). When
the value of p is larger than 3, the stress error of node 3 is always below 5%. Thus, p 5 5
provides a reasonable solution.

Fig. 2. Two types of meshes: (a) two-element mesh, (b) four-element mesh.
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Fig. 3. Errors versus square root of the number of degrees of freedom.

For the four-element mesh, p 5 5 may provide an accurate enough solution when examining
Error(Ham). In contrast, through the examination of Error(SE), it is not easy to determine
which value of p may provide accurate enough solutions. Besides, the stress error is 6.67% when
p 5 4. When p is greater than 4, the stress errors are always below 0.01%. Thus, p 5 5 may
provide an accurate normal stress. Although the four-element mesh provides higher accuracy
for the same number of degrees of freedom, it is concluded that p 5 5 is a sufficient value for
both cases.

Fig. 4. The x-directional normal stress at the circle boundary for both meshes.
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Fig. 5. Square panel under parabolic edge load, B.C. being uð0,yÞ~0 and vðx,0Þ~0: (a) square
panel, (b) uniform mesh, (c) non-uniform mesh.

4.2. Square panel under parabolic edge load
A square panel under parabolic edge load shown in Fig. 5(a) is studied [18]. Three meshes are
investigated as follows, and error analysis is compared to each other.
(1) h-version: The domain is divided into equal-size elements shown in Fig. 5(b), and each
element has four nodes. Value h, size of elements, ranges from 1 (1 element) to 1/16 (256
elements).
(2) p-version: The equal-size mesh is shown in Fig. 5(b). The value p starts from 1 to 10 for each
element.
(3) Adaptive p-version: The unequal-size mesh is shown in Fig. 5(c), and each element is
assigned for different value p. The initial value p starts from 2 for each element, and then
only the value of the element with the largest residual of the Hamiltonians is updated. It is
expected that element 3 will require the highest value of p because of the largest area.
Figure 6 shows the error indicators vs. the square root of the degrees of freedom. To compare
the p-version with the h-version, the p-version can provide higher convergence rate under the

Fig. 6. Errors versus square root of the number of degrees of freedom.
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Table 1. Adaptive p-version.

same number of degrees of freedom. In this example, p 5 4 is enough, since the residual is close
to zero when p . 3. For adaptive p-version (see Table 1), the optimal values of p are 2, 5, 8 and
5 for elements 1 through 4, respectively, which are consistent with Ref [18]. Thus, Error(Res) is
suitable for the adaptive p-version.

5. CONCLUSIONS
The paper presents the application of Hamiltonian-based error indicators to two-dimensional
elasto-static problems solved by the p-version. The indicators are based on the error of the
Hamiltonians, Error(Ham), and the residual of the Hamiltonian-based governing equations,
Error(Res). Also, the formulations of the Hamiltonians for plane stress and plane strain are
presented and compared with strain energy. The errors are compared with the error of strain
energy, Error(SE). Since it converges smoothly, it is difficult to determine a proper value p or h.
In contrast, Error(Ham) converged faster and its error reduction is clearly examined, so it is
easier to determine a reasonable value. Since Error(Res) can be applied in instances where the
exact solution is not available, it is suitable for the adaptive mesh.
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