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ABSTRACT
It has been previously shown that non-architecturally singular parallel manipulators of Stewart–Gough type,
where the planar platform and the planar base are related by a projectivity, have either so-called elliptic
self-motions or pure translational self-motions. As the geometry of all manipulators with translational selfmotions is already known, we focus on elliptic self-motions. We show that these necessarily one-parameter
self-motions have a second, instantaneously local, degree of freedom in each pose of the self-motion. Moreover, we introduce a geometrically motivated classification of elliptic self-motions and study the so-called
orthogonal ones in detail.
Keywords: self-motion; Stewart–Gough platform; Borel–Bricard problem.

SUR L’AUTO-MOUVEMENT ELLIPTIQUE DE PLATEFORMES
PROJECTIVES STEWART–GOUGH
RÉSUMÉ
Il a déjà été démontré que des manipulateurs parallèles non-architecturaux singuliers de type Stewart–
Gough, où la plateforme plane et la base plane sont reliées par projectivité, n’ont ni l’une ni l’autre, ce
qu’on appelle des mouvements elliptiques ou auto-mouvement de translation pure. Comme la géométrie
de tous les manipulateurs à auto-mouvement translationnel est déjà connue, nous nous concentrons sur les
auto-mouvements elliptiques. Nous démontrons que ces auto-mouvements, qui ont nécessairement un paramètre, ont un second, instantanément local, degré de liberté dans chaque pose de l’auto-mouvement. De
plus, nous introduisons une classification géométriquement motivée d’auto-mouvement elliptique, et nous
étudions ce qu’on appelle les orthogonaux, en détail.
Mots-clés : auto-mouvement ; plateforme de Stewart–Gough ; problème de Borel–Bricard.
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1. INTRODUCTION
The geometry of a planar Stewart–Gough (SG) platform is given by the six base anchor points Mi (i =
1, . . . , 6) with coordinates Mi := (Ai , Bi )T with respect to the xy-plane πM of the fixed system and by the six
platform anchor points mi with coordinates mi := (ai , bi )T with respect to the xy-plane πm of the moving
system. If the geometry of the manipulator is given as well as the six leg lengths, then the SG platform is in
general rigid, but under particular conditions, it can perform an n-parametric motion (n > 0), which is called
self-motion. Note that these motions are also solutions of the famous Borel–Bricard problem (cf. [1–3]).
It is well known that planar SG platforms, which are singular in every possible configuration, possess selfmotions in each pose (over C). These so-called architecturally singular planar SG platforms were extensively
studied in [4–7]. Therefore, we are only interested in self-motions of planar SG platforms, which are not
architecturally singular.
In this paper, we discuss the case where the base anchor points Mi and the platform anchor points mi are
related by a non-singular projectivity κ, i.e.
κ:

πm → πM

with mi 7→ Mi .

(1)

For the remainder of this article, we call these manipulators planar projective SG platforms.
Remark 1 A non-singular projectivity κ is a bijective linear mapping between two planes, which are projectively extended, i.e. we also consider the ideal points of these planes. Moreover, κ preserves incidences
and cross-ratios. Finally it should be mentioned that projectivites, which map all ideal points again onto
ideal points, are so-called affinities (or affine mappings).
It is well known [8] that a planar projective SG platform is architecturally singular if and only if one set of
anchor points is located on a conic section, which can also be reducible. Moreover, it was shown by the
author in [9] that one can attach a two-parametric set L of additional legs to planar projective SG platforms
without changing the forward kinematics and singularity surface. The platform anchor points ni and the
base anchor points Ni of these additional legs are also related by κ, i.e. ni κ = Ni .
Under the assumption that s denotes the line of intersection of πM and πm in the projective extension of
the Euclidean 3-space, an elliptic self-motion can be defined as follows (cf. [9, def. 1]):
Definition 1 A self-motion of a non-architecturally singular planar projective SG platform is called elliptic,
if in each pose of this motion s exists with s = sκ and the projectivity from s onto itself is elliptic (⇔ the
projectivity from s onto itself has no real fixed points).
It should be noted that Definition 1 implies that neither πM and πm nor two related points of the platform
and the base coincide during an elliptic self-motion.
It was also shown in [9] that non-architecturally singular planar projective SG platforms can either have
elliptic self-motions or pure translational ones. The latter are the only self-motions of non-architecturally
singular planar affine SG platforms.1 In this case, the projectivity has to be an affinity a + A·x, where
the singular values s1 and s2 of the 2 × 2 transformation matrix A with 0 < s1 ≤ s2 fulfill the condition
s1 ≤ 1 ≤ s2 . However, it should be mentioned that all planar affine SG platforms, which do not fulfill this
condition, only have “ordinary” singularities causing a local shakiness of the manipulator but no actual
self-motion.
Note that a self-motion is dangerous because it is uncontrollable and thus a hazard to man and machine.
Therefore being able to avoid manipulator designs that engender self-motion is of interest to engineers. Is
1 The
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corresponding anchor points of the planar platform and the planar base are related by an affinity (cf. Remark 1).
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Fig. 1. Sketch and notation of points and lines used for the proof of Theorem 1. Note that the projectivity from s onto
itself is determined by ni 7→ Ni for i = 1, 2, 3. As it is elliptic, it does not have real fixed points.

the large class of planar projective SG manipulators, where κ is no affinity, free of self-motions? An answer
to this question, which is given at the very end of the paper (cf. Section 7), is based on the following study
of non-architecturally singular planar projective SG platforms with elliptic self-motions. Let us start with
the following basic result:
Theorem 1 If a non-architecturally singular planar projective SG platform allowing an elliptic self-motion
exists, then it possesses in each pose of the elliptic self-motion exactly two instantaneous degrees of freedom.
Proof. Due to [9, lemma 1] and the results in [10], we can replace the original six legs mi Mi with i = 1, . . . , 6
by a new set of six legs ni Ni without changing the direct kinematics and singularity surface, if ni κ = Ni holds
and n1 , . . . , n6 are not located on a conic section. Therefore, n1 , . . . , n6 can be selected as follows (cf. Fig. 1):
We choose three lines g1 , g2 , g3 ∈ πm so that g1 , g2 , g3 , s are pairwise distinct and that no three of them belong
to a pencil of lines. Then, we can define ni as the intersection point of gi and s = sκ for i = 1, 2, 3. Moreover,
the intersection point of gi and g j is denoted by nk+3 with pairwise distinct i, j, k ∈ {1, 2, 3}. By applying
κ to n1 , . . . , n6 , we get the corresponding base anchor points N1 , . . . , N6 . The resulting planar projective SG
platform n1 , . . . , N6 is not architecturally singular, as n4 , n5 and n6 are not collinear.
As the three legs n1 N1 , n2 N2 , n3 N3 coincide with s = sκ, we get at least two instantaneous degrees of
freedom (dofs). Moreover, due to the above given construction, the remaining three legs n4 N4 , n5 N5 , n6 N6
are pairwise skew. Therefore, the carrier lines of these legs span a regulus R of a regular ruled quadric,
based on a well known fact from line geometry (e.g. [11, p. 182]).
Due to this fact, there only exist three instantaneous dofs if s = sκ also belongs to R. In the following,
we show by contradiction that this cannot be the case:
If we assume that s = sκ belongs to R, then each plane ε through s = sκ has to intersect R in a conic,
which splits into s = sκ and another line t. By setting ε = πm we see that t has to contain the points n4 , n5
and n6 , which already yields the contradiction, as these points are not collinear.

Theorem 1 shows that elliptic self-motions are highly singular motions, if indeed non-architecturally singular planar projective SG platforms with these motions even exist.2 We try to shed light on this still open
question within this paper, which is structured as follows:
2 Until

now, no example is known to the author.
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Fig. 2. Sketch of basic quadrangles (a, b, c, d) ∈ πm and (A, B, C, D) ∈ πM of κ and the Cartesian coordinate systems
(o, x, y) in πm and (O, X, Y) in πM .

In Section 2, we present the basic quadrangles of κ and their coordinatization. In Section 3, we give the
analytical version of the Darboux constraints and Mannheim constraints determined by the basic quadrangles
and we introduce the so-called angle constraint. Based on this mathematical framework, we study the
geometry of elliptic self-motions in Section 4, which also yields a deeper understanding of Theorem 1. In
Section 5, we give two approaches to the determination of planar projective SG platforms with a special
class of elliptic self-motions; namely orthogonal ones. Moreover, in Section 6 we present the main theorem
on orthogonal elliptic self-motions and in Section 7 we give a conjecture for the non-orthogonal case and
some final remarks.
2. BASIC QUADRANGLES OF κ
The projectivity κ of the planar projective SG manipulator m1 , . . . , M6 is given. It is well known that κ is
uniquely determined by any pair of quadrangles, which correspond within κ. In the following, we choose
special quadrangles, on which we base the coordinatization of the manipulator in order to get the most
compact equations in the computations given later (cf. Sections 3–6). Without loss of generality (w.l.o.g.)
the selection can be done as follows (cf. Fig. 2):
Assume w and W denote the ideal line of πm and πM , respectively. Due to Section 1, we can assume that
κ is no affinity, i.e. wκ 6= W. Therefore, Wκ −1 and wκ are finite lines. We denote the ideal point of Wκ −1
by f, which is mapped under κ onto the ideal point F of wκ.
Furthermore, we denote the infinite vertex of the pencil of lines orthogonal to wκ by A. Analogously, the
infinite vertex of the pencil of lines orthogonal to Wκ −1 is denoted by b. Therefore, a := Aκ −1 and B := bκ
are finite points of πm and πM , respectively. Then we choose a point c with f 6= c 6= a on Wκ −1 and a point
D with F 6= D 6= B on wκ. We can still specify the points c and D by assuming that the angles ^(d, a, f)
and ^(F, B, C) equal π/4 with d := Dκ −1 and C := cκ. This yields our basic quadrangles (a, b, c, d) and
(A, B, C, D) of κ.
As the basic quadrangles are related by κ, the legs, which are spanned by corresponding vertices, can
be added to the planar projective SG platform m1 , . . . , M6 without changing the direct kinematics and singularity surface. Therefore, we can attach the special legs aA, . . . , dD ∈ L . It was shown in [12] that the
attachment of the special leg aA (resp. cC) corresponds with the so-called Darboux constraint, and that the
platform anchor point a (resp. c) moves in a plane of the fixed system orthogonal to the direction of the ideal
point A (resp. C). The attachment of the special leg bB (resp. dD) corresponds with the so-called Mannheim
constraint, that a plane of the moving system orthogonal to b (resp. d) slides through the point B (resp. D).
2.1. Coordinatization of the Basic Quadrangles
As we are dealing with planar projective SG platforms, we have to consider the projective extension of πm
and πM , i.e.
1060
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(ai , bi )T 7→ (wi : xi : yi )T

and

(Ai , Bi )T 7→ (Wi : Xi : Yi )T .

(2)

Note that ideal points are characterized by wi = 0 and Wi = 0, respectively.
W.l.o.g. we can choose the following system (O, X, Y) of Cartesian coordinates in πM (cf. Fig. 2): B is the
origin O , F is the ideal point X of the x-axis and A the ideal point Y of the y-axis. This yields the following
homogeneous Cartesian coordinates for the quadrangle (A, B, C, D):
A = (0 : 0 : 1)T ,

B = (1 : 0 : 0)T ,

C = (0 : 1 : 1)T ,

D = (1 : α : 0)T ,

(3)

where we can additionally assume w.l.o.g. that α > 0 holds. Moreover, we can choose the following system
(o, x, y) of Cartesian coordinates in πm w.l.o.g. (cf. Fig. 2): a is the origin o, b is the ideal point x of the
x-axis and f the ideal point y of the y-axis. This yields the following homogeneous Cartesian coordinates for
the quadrangle (a, b, c, d):
a = (1 : 0 : 0)T ,

b = (0 : 1 : 0)T ,

c = (1 : 0 : β )T ,

In addition, we can eliminate the factor of similarity by setting α = 1.
β ∈ R \ {0} and the matrix P (resp. P−1 ) of κ (resp. κ −1 ) equals:



0 1 0
0 0
P =  0 0 1 R,
P−1 = β 0
β 0 0
0 β

d = (0 : 1 : 1)T .

(4)

As a consequence κ only depends on

1
0 R.
0

(5)

3. MATHEMATICAL FRAMEWORK
For the determination of self-motions, it is advantageous to work in the Study parameter space PR7 , which
is a 7-dimensional real projective space with homogeneous coordinates e0 , . . . , e3 , f0 , . . . , f3 . By using these
so-called Study parameters for the parametrization of Euclidean displacements, the coordinates m0i of the
platform anchor points with respect to fixed system can be written as Km0i = R mi + (t1 ,t2 ,t3 )T with
t1 : = 2(e0 f1 − e1 f0 + e2 f3 − e3 f2 ),
t2 : = 2(e0 f2 − e2 f0 + e3 f1 − e1 f3 ),
t3 : = 2(e0 f3 − e3 f0 + e1 f2 − e2 f1 ),
and the rotation matrix R := (ri j ) (i denotes the row and j the column) given by:

e20 + e21 − e22 − e23 2(e1 e2 − e0 e3 )
2(e1 e3 + e0 e2 )
 2(e1 e2 + e0 e3 ) e20 − e21 + e22 − e23 2(e2 e3 − e0 e1 )  ,
2(e1 e3 − e0 e2 )
2(e2 e3 + e0 e1 ) e20 − e21 − e22 + e23


with Euler parameters e0 , . . . , e3 . Now, all points of PR7 , which are located on the so-called Study quadric
Φ : ∑3i=0 ei fi = 0, correspond to Euclidean displacements with exception of the subspace e0 = . . . = e3 = 0
of Φ, as these points cannot fulfill the normalizing condition K = 1 with K := e20 + e21 + e22 + e23 .
The formulas for the analytical versions of the Darboux and Mannheim constraints were given by the
author in [12]. If we introduce the coordinates of our anchor points a, . . . , d, A, . . . , D of Eqs. (3) and (4) into
these formulas, we get the following expressions for the two Darboux constraints:
ΩaA : t2 + La K = 0,

ΩcC : t1 + t2 + Lc K + β (r12 + r22 ) = 0,
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with variables La , Lc ∈ R and the following expressions for the two Mannheim constraints:
ΠbB : t 1 + gb K = 0,

ΠdD : t 1 + t 2 + gd K − (r11 + r12 ) = 0,

(7)

with variables gb , gd ∈ R and
t 1 := 2(e0 f1 − e1 f0 − e2 f3 + e3 f2 ),

t 2 := 2(e0 f2 + e1 f3 − e2 f0 − e3 f1 ).

Therefore, we get four homogeneous quadratic equations in Study parameters which are linear in f0 , . . . , f3 .
3.1. The Angle Constraint
In the following, we attach a further leg gG of L to the manipulator with g = (1 : 0 : −β )T and G = (0 :
−1 : 1)T , which gives rise to a third Darboux constraint:
ΩgG : −t1 + t2 + Lg K + β (r12 − r22 ) = 0,
with the variable Lg ∈ R. Now, the linear combination
−ΩaA /β + ΩcC /(2β ) + ΩgG /(2β )

(8)

equals r12 − γΩ K with γΩ := (2La − Lc − Lg )/(2β ).
Moreover, we attach a further leg hH of L with h = (0 : 1 : −1)T and H = (1 : −1 : 0)T , which causes a
third Mannheim constraint:
ΠhH : t 1 − t 2 + gh K + (r11 − r12 ) = 0,
with the variable gh ∈ R. Now, the linear combination
−ΠbB + ΠdD /2 + ΠhH /2

(9)

equals r12 − γΠ K with γΠ := −(2gb − gd − gh )/2.
As the anchor points a, . . . , d, g, h and A, . . . , D, G, H are located on two lines (degenerate conic), the
manipulator, defined by these six pairs of anchor points, is architecturally singular. This is the reason for the
existence of the following linear combination:
2ΩaA − ΩcC − ΩgG − 2β ΠbB + β ΠdD + β ΠhH = K(2La − Lc − Lg + 2β gb − β gd − β gh ),
which immediately implies that γ := γΩ = γΠ has to hold. Clearly, due to the projectivity, the resulting
special condition r12 − γK = 0 can be generated by the linear combination of any three of either Darboux or
Mannheim constraints, which correspond with legs of L .
Moreover, it can easily be verified that this remarkable equation has the following geometric interpretation: The y-axis of the moving frame (with ideal point f) and the x-axis of the fixed frame (with ideal point
F) subtend a constant angle arccos (γ). Therefore, we introduce the following notation:
^fF : r12 − γK = 0,

(10)

where the variable γ ∈] − 1, 1[ has to hold.3 This condition is a homogeneous quadratic equation in Euler
parameters. Finally, it should be noted that this equation is a special case of eq. (3) in [2].

3 As
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γ = ±1 implies f = F (= fixed point) this contradicts the definition of an elliptic self-motion. For this case, please see [9].
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4. ON THE GEOMETRY OF ELLIPTIC SELF-MOTIONS
Based on the same arguments as in the proof of Theorem 1, we can replace the original six legs mi Mi with
i = 1, . . . , 6 by a new set of six legs aA, . . . , dD, fF and mM, where m and M has to be chosen in a way that
the manipulator is not architecturally singular. For example, we can set:
m = (1 : −β : 0)T

and M = (1 : 0 : −1)T .

(11)

Note that for this selection the following triples of anchor points are collinear:
(m, c, d) ⇔ (M, C, D),

(m, a, b) ⇔ (M, A, B),

(b, d, f) ⇔ (B, D, F),

(a, c, f) ⇔ (A, C, F).

These collinearity properties imply, under consideration of lemma 2 in [4], that the resulting 6-legged manipulator cannot be architecturally singular. Based on this special 6-legged manipulator, we can prove the
following theorem:
Theorem 2 If a non-architecturally singular planar projective SG platform allowing an elliptic self-motion
exists, then the elliptic self-motion has to be a one-parametric motion.
Proof. By removing the leg mM, there remains a 5-legged manipulator aA, . . . , dD, fF. In the following
we show that this 5-legged manipulator cannot have a two-parametric motion. This is equivalent with the
statement that the six hyperquadrics ΩaA , ΩdC , ΠbB , ΠdD , ^fF , Φ in the Study parameter space, cannot have a
surface in common. This can be proven as follows.
We solve Φ together with three of the following four conditions: ΩaA , ΩdC , ΠbB , ΠdD for f0 , . . . , f3 . Then,
we introduce the resulting values into the remaining equation, which yields for all four possible cases the
same polynomial Λ[72], where the number in the brackets gives the number of terms.
We proceed by computing the resultant Γ of ^fF and Λ with respect to e3 ; i.e. Γ[684] := Rese3 (^fF , Λ).
Now, all coefficients of Γ, with respect to the remaining Study parameters e0 , e1 and e2 , have to vanish
identically. The coefficient of e81 of Γ equals γ and therefore we get a contradiction, as γ is the coefficient of
the highest exponent of e3 in ^fF (cf. [13, chapter 3, eq. (1.1)]).
Therefore, we have to set γ = 0 and recompute Γ, which yields an expression with only 36 terms. Now,
the coefficients of e60 e1 and e60 e2 of Γ imply Lc = La + gb − β and gd = La + gb + 1, respectively. Finally, the
coefficient of e40 e31 equals β , which contradicts the assumption β 6= 0.
It can easily be seen that f0 , . . . , f3 cannot be computed with the above approach, if either e0 = e3 = 0 or
e1 = e2 = 0 hold. In both cases πM and πm have to be parallel, as they cannot coincide due to Definition 1.
Therefore, κ maps the line at infinity of πm (= the line s) onto the ideal line of πM . This implies a planar
affine SG platform, which contradicts our assumptions.
Now, we sum up our results. From the computation above we see that a two-parametric motion of the
5-legged manipulator is not possible and therefore it can only have one-parametric ones. As a consequence,
the elliptic self-motion of the planar projective SG platform can only be one-parametric.

Based on this result, we can proceed with the following geometric analysis of elliptic self-motions:
If s does not change during the self-motion, then the self-motion can only be a pure rotation about the line
s = sκ (one-parametric motion), as no instantaneous motion along s = sκ is possible.4 Now it can easily be
seen that any leg of L with anchor points not on s = sκ prevents this rotational mobility.
Therefore, s has to change during the one-parametric elliptic self-motion. Now, e denotes the envelope of
the resulting one-parametric set of lines s generated during the self-motion (cf. Fig. 3). Due to the projective
4 This

follows immediately from the fact that we can attach legs of L with anchor points on s = sκ.
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Fig. 3. Sketch of the decomposition of an elliptic self-motion.

correspondence, the envelope of sκ in πM is given by eκ. Moreover, as no instantaneous sliding along s = sκ
is possible (cf. Footnote 4), any elliptic self-motion can be decomposed into: (1) a rolling (without slipping)
of sκ on eκ, (2) a rotation of πm about s = sκ, and (3) a rolling5 (without slipping) of e on s.
This has the following consequences for the instantaneous behavior of a planar projective SG platform:
On the velocity level, each of the rolling motions can be replaced by an instantaneous rotation about a line
pm (resp. pM ) perpendicular to πm (resp. πM ) through the contact point T (resp. Tκ) of s = sκ and e (resp.
eκ). As the angular velocities of these two rotations are coupled by κ (cf. Footnote 5), we get only one
dof. The second dof arises from the instantaneous rotation of πm about s = sκ. This gives the geometric
interpretation/reasoning for the two instantaneous dofs noted in Theorem 1.
Finally, we can also introduce a classification of elliptic self-motions based on the geometric interpretation
of ^fF . This implies the following definition:
Definition 2 An elliptic self-motion is called orthogonal, if the angle enclosed by the unique pair of ideal
points (f, F) with fκ = F equals π/2.
In the remainder of this article, we answer the question of existence of orthogonal elliptic self-motions.
Therefore, we set γ = 0.
5. DETERMINATION OF ORTHOGONAL ELLIPTIC SELF-MOTIONS
In this section, we introduce two approaches to the determination of planar projective SG platforms with
orthogonal elliptic self-motions.
5.1. The Classical Approach
Until now, we have a set of six constraints ΩaA , ΩcC , ΠbB , ΠdD , ^fF , Φ in eight homogeneous unknowns
e0 : . . . : f3 . We get a self-motion, if we can attach the sixth leg mM of L to the 5-legged manipulator
pertaining to Theorem 2 without restricting at least one component of its one-parametric motion. The
attachment of the leg mM corresponds to the so-called sphere constraint that m has to be located on a
sphere with center M and radius6 R ∈ R. Due to Husty [14], this condition can again be expressed by a
homogeneous quadratic equation Θm
M in Study parameters. For our selection given in Eq. (11), we get the
following compact expression:
2
2
2
2
2
2
Θm
M : (R − β − 1)K − 4( f 0 + f 1 + f 2 + f 3 ) − 2t2 + 2β (t 1 + r21 ) = 0.

(12)

5 Clearly,

the two rolling motions of item 1 and item 3 are coupled by the projectivity κ.
that the variables La , Lc , gb , gd , γ of the Darboux, Mannheim and angle constraint, respectively, can be seen as the
analogue to the variable R of the sphere constraint.
6 Note
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As a consequence, each common curve of the seven hyperquadrics in the Study parameter space, which are
given by ΩaA , ΩcC , ΠbB , ΠdD , ^fF , Φ, Θm
M , corresponds with an elliptic self-motion. This is a necessary and
sufficient condition.
Therefore, the classical approach for the determination of these self-motions can be done with a modified
version of Husty’s algorithm [14] as follows: We consider the following two ideals:
n
o
n
o
d
a
c
b
f
m
ICc := ΩaA , ΠbB , ΠdD , ^fF , Φ, Θm
,
I
:=
Ω
,
Ω
,
Π
,
^
,
Φ,
Θ
(13)
M
D
A
C
B
F
M .
For ICc (resp. IDd ), we compute f0 , . . . , f3 from ΩaA , ΠbB , ΠdD , Φ (resp. ΩaA , ΩcC , ΠbB , Φ), which are linear
d
c
in these unknowns. Substituting the resulting values into Θm
M yields ΛC [737] (resp. ΛD [737]). Now, we
eliminate in each of the two ideals the variable e3 by computing the following resultants with respect to e3 :
Rese3 (^fF , ΛcC ) = (e20 + e21 )ΓcC [244],

Rese3 (^fF , ΛdD ) = (e20 + e22 )ΓdD [244].

Analogous considerations can be done for the ideals:
n
o
n
o
a
c
b
d
f
m
b
a
c
d
f
m
IA := ΩC , ΠB , ΠD , ^F , Φ, ΘM ,
IB := ΩA , ΩC , ΠD , ^F , Φ, ΘM ,

(14)

(15)

which yield
Rese3 (^fF , ΛaA ) = (e20 + e21 )ΓaA [440],

Rese3 (^fF , ΛbB ) = (e20 + e22 )ΓbB [440].

(16)

Now, ΓaA , . . . , ΓdD are polynomials of degree 14 in e0 and Γ[36] (cf. proof of Theorem 2) is a polynomial of
degree 6 in e0 . Moreover, as we deal with planar SG platforms, only even powers of e0 in all five polynomials
appear. Therefore, we can substitute e20 by e0 and compute
ΨaA := Rese0 (ΓaA , Γ),

...,

ΨdD := Rese0 (ΓdD , Γ).

(17)

Finally, the greatest common divisor (gcd) of ΨaA , . . . , ΨdD yields
β e91 e92 (e41 − e42 )ϒ[24685],

(18)

which corresponds to the solution of the direct kinematics problem. Therefore, in the general case, the
coefficients of ϒ with respect to e1 and e2 have to vanish identically. As ϒ is of degree 16 in e1 and e2
this yields 17 equations in the six unknowns La , Lc , gb , gd , β , R. As the resulting system of equations is
highly non-linear, we were not able to solve it explicitly. Therefore, we developed the following alternative
approach, which is based on two necessary conditions for an elliptic self-motion.
Remark 2 For non-orthogonal elliptic self-motions, which additionally depend on γ 6= 0, we were not able
to compute ΨaA , . . . , ΨdD symbolically (with M APLE) because intermediate expressions were so large as to
exceed capacity of largest available computational resources (78GB RAM). This also shows that the classic
approach is hopeless for solving the non-orthogonal case, which is a further motivation for the following
alternative method.
5.2. The Alternative Approach
Due to the properties of elliptic self-motions derived up to now, we can formulate two necessary conditions,
so that at least a component of the one-parametric motion of the 5-legged manipulator of Theorem 2 corresponds with an elliptic self-motion. These two conditions arise from the property that s = sκ must remain
valid throughout the entire motion.
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Fig. 4. Left: Sketch of the points and lines used for the alternative approach. Right: Situation for u = V.

As s (resp. sκ) cannot be parallel to the y-axis of the moving frame7 (resp. x-axis of the fixed frame), we
can assume that the ideal point u of s (resp. V of sκ) can be given by (cf. Fig. 4, left):
u = (0 : 1 : u)T ,

V = (0 : v : 1)T ,

(19)

with u, v ∈ R. In order that u and V coincide during the motion the condition
(R·(1, u, 0)T ) × (v, 1, 0)T = (0, 0, 0)T

(20)

has to hold. It can easily be checked that for r32 r13 = 0 this system of equations can only be fulfilled for
e0 = e3 = 0 or e1 = e2 = 0. Due to reasoning in the penultimate paragraph of the proof of Theorem 2, this
already yields a contradiction. Under consideration of r32 r13 6= 0, we can solve Eq. (20) w.l.o.g., which
implies u = −r31 /r32 and v = −r23 /r13 . Now, we have the situation displayed on the right side of Fig. 4.
As s = sκ has to hold, Vκ −1 ∈ πm has to be located also in πM (cf. Fig. 4, right). Due to Eq. (5), Vκ −1
has homogeneous coordinates (1 : 0 : vβ )T with respect to the moving frame. Therefore, this condition can
be expressed by

R·(0, vβ , 0)T + (t1 ,t2 ,t3 )T (0, 0, 1)T = 0,
(21)
which yields
Ξ1 : r12t3 − β r23 r32 = 0.

(22)

Moreover, as s = sκ has to hold, uκ ∈ πM has to be located also in πm (cf. Fig. 4, right). Due to Eq. (5),
uκ has homogeneous coordinates (1 : u : 0)T with respect to the fixed frame. Therefore, this condition can
be expressed by


R·(0, 0, 1)T (t1 ,t2 ,t3 )T − K R·(0, 0, 1)T (u, 0, 0)T = 0.
(23)
K factors out from this equations and we remain with:
Ξ2 : r32t 3 + r13 r31 = 0

with t 3 := 2(e0 f3 − e1 f2 + e2 f1 − e3 f0 ).

(24)

The obtained equations Ξ1 and Ξ2 are quartic equations in Study parameters, but they are only linear in
f0 , . . . , f3 (in contrast to Θm
M ). A further advantage of these two equations is that no additional unknown is
introduced, as was in the case for Θm
M (variable R) of Section 5.1.
Note that for an elliptic self-motion it is necessary that the six hyperquadrics ΩaA , ΩcC , ΠbB , ΠdD , ^fF , Φ and
the two hyperquartics Ξ1 and Ξ2 have a common curve in the Study parameter space.8 Therefore, this set of
equations can be used to prove the main theorem on orthogonal elliptic self-motions, which is given next.
7 As

f ∈ s implies that f = F is a fixed point of the projectivity of s onto itself.
that these conditions are not sufficient for an elliptic self-motion.

8 Note
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Remark 3 Note that Ξ1 = 0 and Ξ2 = 0 already imply that there exist two instantaneous dofs. Therefore,
we cannot generate any additional conditions from the property that the rank of the manipulator’s Jacobian
has to be equal to four during the self-motion (cf. Theorem 1).
6. MAIN THEOREM ON ORTHOGONAL ELLIPTIC SELF-MOTIONS
Theorem 3 There do not exist non-architecturally singular planar projective SG platforms with an orthogonal elliptic self-motion.
Proof. We compute f0 , . . . , f3 from the system of equations ΩaA , ΠbB , ΠdD , Φ (resp. ΩaA , ΩcC , ΠbB , Φ), which
are linear in these unknowns. Then, we substitute the resulting values into Ξ1 , which yields ΛcC [84] (resp.
ΛdD [86]). This can only be done for e0 e1 − e2 e3 6= 0 (resp. e0 e2 − e1 e3 6= 0).
Now, we eliminate e3 by computing the following resultants with respect to e3 :
Rese3 (^fF , ΛcC ) = (e20 − e22 )ΓcC [34],

Rese3 (^fF , ΛdD ) = e2 (e20 + e22 )ΓdD [35].

This elimination is only valid if the coefficients of the greatest power of e3 do not vanish, which are e0 , e1 N2
and e1 N3 with
N2 := β + La − Lc − gb , N3 := 1 + La − gb + gd .
(25)
Now, ΓcC and ΓdD are polynomials of degree 8 in e0 , and Γ[36] (cf. proof of Theorem 2) is of degree 6 in
e0 . As again only even powers of e0 appear in all three polynomials, we replace e20 with e0 and compute
ΨcC := Rese0 (ΓcC , Γ),

ΨdD := Rese0 (ΓdD , Γ).

(26)

This elimination is only valid if the coefficients of the greatest power of e0 do not vanish, which are N1 , e2 N4
and e1 N1 + e2 N4 with
N1 := β − La + Lc − gb , N4 := 1 + La + gb − gd .
(27)
Finally, the greatest common divisor of ΨcC and ΨdD yields
β e91 e32 (e21 + e22 )ϒ1 [1960].

(28)

Moreover, the same procedure can be done with respect to Ξ2 , where we only get one additional condition,
namely (e20 − e21 ) 6= 0. In this case, we obtain
e31 e92 (e21 + e22 )ϒ2 [1960].

(29)

Therefore, in the general case the coefficients of ϒ1 and ϒ2 with respect to the remaining Study parameters
e1 and e2 have to vanish identically. As both equations are homogeneous of degree 12 in e1 and e2 , this
yields 26 necessary conditions. Now, we are looking for solutions of this system under the assumption
e0 e1 e2 (e20 − e21 )(e20 − e22 )(e0 e1 − e2 e3 )(e0 e2 − e1 e3 ) 6= 0.

(30)

6.1. Case Study of the General Case
In the following, we denote the coefficient of e1j ek2 of ϒi by ϒij,k for i = 1, 2. Now, ϒ12,0
and ϒ0,12
split up
i
i
into:
ϒ12,0
= N1 P12 Q1 , ϒ0,12
= N2 P22 Q2 , ϒ12,0
= N3 P32 Q3 , ϒ0,12
= N4 P42 Q4 ,
1
1
2
2
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P1 : = β + La − Lc + gb ,

Q1 : = (La − gb + gd )(La − Lc + β ) + gb ,

(31)

P2 : = β − La + Lc + gb ,

Q2 : = (La + gb − gd )(La − Lc − β ) − gb ,

(32)

P3 : = 1 − La + gb − gd ,

Q3 : = (gb + La − Lc )(gb − gd + 1) + β La ,

(33)

P4 : = 1 − La − gb + gd ,

Q4 : = (gb − La + Lc )(gb − gd − 1) − β La .

(34)

Note that N1 N2 N3 N4 = 0 is not allowed, as otherwise at least one of the greatest powers of e3 and e0 ,
respectively, within the above given resultant based elimination vanishes. Therefore, these cases have to be
discussed separately (see Section 6.1.1). As a consequence, Pj Q j = 0 for j = 1, . . . , 4 has to hold, where
all possible combinatorial cases are discussed within the following listing. Note that for this discussion the
assumptions N1 N2 N3 N4 6= 0, La , Lc , gb , gd ∈ R, β ∈ R \ {0} hold in addition to Eq. (30):
1. P1 = P2 = P3 = P4 = 0: In this case, we solve the four equations, which yield La = Lc = 1 and
gb = gd = −β . Then, we get:
ϒ1 = e31 e32 (β e21 + β e22 + 2e1 e2 )(e21 + e22 + β 2 e21 + β 2 e22 + 4β e1 e2 )2 ,
ϒ2 =

e31 e32 (e21 + e22 + β 2e1 e2 )(e21 + e22 + β 2 e21 + β 2 e22 + 4β e1 e2 )2 ,

(35)
(36)

which cannot vanish without contradiction (w.c.).
2. P1 = P2 = P3 = 0, P4 6= 0: In this case, we solve the three equations, which yield La = Lc = 1 − gd − β
and gb = −β . Now, Q4 cannot vanish w.c.
Analogously, it can be shown for the cases P4 = Pi = Pj = 0, Pk 6= 0 with pairwise distinct i, j, k ∈
{1, 2, 3} that no solution exists.
3. P1 P2 6= 0: Therefore, Q1 = Q2 = 0 has to hold and we can express gb and gd from these equations.
Now, ϒ12,0
and ϒ0,12
can only vanish w.c. for La = Lc . Then, ϒ11,1
implies Lc = 0 (⇒ La = gb = gd =
2
2
2
0), which yields a solution to the necessary system of equations.
Note that the case P3 P4 6= 0 can be done analogously. This case also yields the same solution.
4. P1 P3 6= 0: Therefore, Q1 = Q3 = 0 has to hold and we distinguish the following two cases:
a) La − gb + gd 6= 0: Under this assumption, we can solve Q1 = Q3 = 0 for Lc and β . Now, ϒ0,12
1
and ϒ0,12
can only vanish w.c. for
2
i. gb = gd : Then, ϒ11,1
cannot vanish w.c.
2
ii. La − 1 − 3(gb − gd ) = 0, La − 1 + gb − gd = 0, gb 6= gd : The difference of these equations
already yields the contradiction.
b) La = gb − gd : Now, Q1 implies gb = 0. We distinguish two cases:
cannot vanish w.c.
i. gd 6= 0: Under this assumption, we can express β from Q3 . Then, ϒ0,12
1
ii. gd = 0: Then, Q3 implies Lc = 0 and we get again the above solution.
Note that the case P2 P4 6= 0 can be done analogously. This case also yields the same solution.
5. P1 P4 6= 0: Therefore, Q1 = Q4 = 0 has to hold and we distinguish the following two cases:
a) La − gb + gd 6= 0: Under this assumption, we can solve Q1 = Q4 = 0 for Lc and β . Now, ϒ0,12
1
and ϒ0,12
can only vanish w.c. for gb = gd . Then, ϒ11,1
cannot vanish w.c.
2
2
b) La = gb − gd : Now, Q1 implies gb = 0. We distinguish two cases:
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i. gd 6= 0: In this case, we can express β from Q3 . Then, ϒ0,12
cannot vanish w.c.
1
ii. gd = 0: Then, Q4 implies Lc = 0 and we get again the above solution.
Note that the case P2 P3 6= 0 can be done analogously. This case also yields the same solution.
Now it remains to check whether the obtained solution La = Lc = gb = gd = 0 yields an elliptic selfmotion. Therefore, we compute
gcd(Γ, ΓcC ) = e20 − e21 ,

gcd(Γ, ΓdD ) = e20 − e22 ,

(37)

which implies e20 = e21 = e22 , but this contradicts Eq. (30). Therefore, the general case does not yield a solution
to our problem. In the following, we discuss the excluded cases N1 N2 N3 N4 = 0 under the assumptions
La , Lc , gb , gd ∈ R and β ∈ R \ {0}.
6.1.1. Excluded case N1 = 0
Under consideration of gb = β − La + Lc , computations similar to those at the beginning of Section 6 yield
ϒ1 [527] of degree 11 in e1 , e2 and ϒ2 [708] of degree 12 in e1 , e2 . Then, we get
ϒ0,11
= N2 (La − Lc − β )3 ,
1

ϒ12,0
= N3 β (gd − 1 + 2La − Lc − β )2 .
2

(38)

As N2 N3 = 0 is not allowed, due to the elimination process, we have to discuss these cases again separately.
Therefore, we can assume w.l.o.g. N2 N3 6= 0. As a consequence, the remaining factors of Eq. (38) can be
solved for La and Lc . Then, ϒ11,0
cannot vanish w.c. Hence, we remain with the discussion of N2 N3 = 0:
1
1. N2 = 0: In this case, we have La = Lc . We end up with ϒ1 [53] of degree 10 in e1 , e2 and ϒ2 [101] of
degree 12 in e1 , e2 . Now, already ϒ10,0
= β 3 yields the contradiction.
1
2. N3 = 0: Now, we have gd = β + Lc − 1 − 2La . We end up with ϒ1 [105] and ϒ2 [113] of degree 11 in e1
and e2 . Then, ϒ11,0
= β 2 yields the contradiction.
1
The other excluded cases Ni = 0 for i ∈ {2, 3, 4} can be discussed in a fashion similar to that above in
Section 6.1.1. They also yield no solution. Therefore, we are only left with the discussion of the special
cases where Eq. (30) does not hold for La , Lc , gb , gd ∈ R and β ∈ R \ {0}.
6.2. Case Study of the Special Cases
According to the reasoning given in the penultimate paragraph of the proof of Theorem 2, we can assume
that e0 = e3 = 0 and e1 = e2 = 0 do not hold. Moreover, due to ^fF : e1 e2 − e0 e3 = 0, we only have to
distinguish the following four cases, if at least one ei equals zero:
e0 = e1 = 0,

e0 = e2 = 0,

e3 = e1 = 0,

e3 = e2 = 0.

(39)

But in all these cases r32 r13 = 0 holds, which contradicts the assumption of Section 5.2. Therefore, we can
assume for the remaining discussion ei 6= 0 with i = 0, . . . , 3.
6.2.1. Special case e20 = e21
Under consideration of ^fF , we have to distinguish the following two cases:
1. e0 = e1 and e2 = e3 : W.l.o.g., we can compute f0 , . . . , f3 from the system of equations ΩaA , ΩcC , ΠdD , Φ.
Then, the coefficient of e41 of Ξ1 equals β , which cannot vanish w.c.
2. e0 = −e1 and e2 = −e3 : The argumentation of item 1 also holds in this case.
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6.2.2. Special case e20 = e22
Under consideration of ^fF , we have to distinguish the following two cases:
1. e0 = e2 and e1 = e3 : W.l.o.g., we can compute f0 , . . . , f3 from the system of equations ΩcC , ΠbB , ΠdD , Φ.
Then, the coefficient of e41 of Ξ2 equals 1, which yields the contradiction.
2. e0 = −e2 and e1 = −e3 : Similarly, the contradiction applies here as well.
6.2.3. Remaining special cases
1. e0 e2 − e1 e3 = 0: This condition yields together with the angle constraint ^fF the following two cases:
∧

e0 = e1

e2 = e3

and

e0 = −e1

∧

e2 = −e3 .

(40)

These are exactly the same cases already discussed in Section 6.2.1.
2. e0 e1 − e2 e3 = 0: This condition yields together with the angle constraint ^fF the following two cases:
∧

e0 = e2

e1 = e3

and

e0 = −e2

∧

e1 = −e3 .

(41)

These are exactly the same cases already discussed in Section 6.2.2.
This closes the proof of Theorem 3.



Remark 4 In view of Remark 2, it should be noted that with the alternative method presented, the corresponding expressions of ϒ1 and ϒ2 given in Eqs. (28) and (29) for non-orthogonal elliptic self-motions
(γ 6= 0), can be computed without major difficulties. Each of these two expressions, which additionally
depend on the variable γ, has 8259 terms and implies again 13 equations (cf. paragraph following Eq. 29).
7. CONJECTURE AND CONCLUSION
We proved that non-architecturally singular planar projective SG platforms with orthogonal elliptic selfmotions do not exist (cf. Definitions 1 and 2, Theorem 3). Moreover, we conjecture the following:
Non-architecturally singular planar projective SG platforms with non-orthogonal elliptic selfmotions do not exist.
In this context it should be noted that we were recently able to prove this conjecture in [15], based on Theorem 3. On one side, this result is a bit frustrating from the kinematican’s point of view, as one-parametric
self-motions, which have everywhere two instantaneous dofs (cf. Theorems 1 and 2), would have been of
theoretical interest. But on the other side, this result is useful to designers who may be sure that a planar projective SG manipulator, where the projectivity is no affinity, can never have self-motion (cf. last paragraph
before Theorem 1).
ACKNOWLEDGEMENTS
This research was supported by Grant No. I 408-N13 of the Austrian Science Fund FWF within the project
“Flexible polyhedra and frameworks in different spaces”. Moreover, the author wants to thank the reviewer
for his comments and suggestions, which have helped to improve the quality of the paper.
1070

Transactions of the Canadian Society for Mechanical Engineering, Vol. 37, No. 4, 2013

REFERENCES
1.
2.
3.

4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.

Borel, E., “Mémoire sur les déplacements à trajectoires sphériques”, Mémoires présenteés par divers savants,
Vol. 2, No. 33, pp. 1–128, 1908.
Bricard, R., “Mémoire sur les déplacements à trajectoires sphériques”, Journal de l’École Polytechnique, Vol. 2,
No. 11, pp. 1–96, 1906.
Husty, M.L., “E. Borel’s and R. Bricard’s papers on displacements with spherical paths and their relevance to
self-motions of parallel manipulators”, in Proceedings of History of Machines and Mechanisms, pp. 163–172,
Cassino, Italy, May 11–13 2000.
Karger, A., “Architecture singular planar parallel manipulators”, Mechanism and Machine Theory, Vol. 38, No.
11, pp. 1149–1164, 2003.
Nawratil, G., “On the degenerated cases of architecturally singular planar parallel manipulators”, Journal for
Geometry and Graphics, Vol. 12, No. 2, pp. 141–149, 2008.
Röschel, O. and Mick, S., “Characterisation of architecturally shaky platforms”, Advances in Robot Kinematics:
Analysis and Control, pp. 465–474, Kluwer, 1998.
Wohlhart, K., “From higher degrees of shakiness to mobility”, Mechanism and Machine Theory, Vol. 45, No. 3,
pp. 467–476, 2010.
Chasles, M., “Sur les six droites qui peuvent étre les directions de six forces en équilibre”, Comptes Rendus des
Séances de l’Académie des Sciences, Vol. 52, pp. 1094–1104, 1861.
Nawratil, G., “Self-motions of planar projective Stewart–Gough platforms”, in Latest Advances in Robot Kinematics, pp. 27–34, Springer, 2012.
Borras, J., Thomas, F. and Torras, C., “Singularity-invariant leg rearrangements in doubly-planar Stewart-Gough
platforms”, in Proceedings of Robotics Science and Systems, Zaragoza, Spain, June 27–30, 2010.
Pottmann, H. and Wallner, J., Computational Line Geometry. Springer, 2001.
Nawratil, G., “Types of self-motions of planar Stewart–Gough platforms”, Meccanica, Vol. 48, No. 5, pp. 1177–
1190, 2013.
Cox, E., Little, J. and O’Shea, D., Using Algebraic Geometry. Springer, 1998.
Husty, M.L., “An algorithm for solving the direct kinematics of general Stewart-Gough platforms”, Mechanism
and Machine Theory, Vol. 31, No. 4, pp. 365–380, 1996.
Nawratil, G., “Non-existence of planar projective Stewart–Gough platforms with elliptic self-motions”, in Computational Kinematics, Proceedings of the 6th International Workshop on Computational Kinematics (CK2013),
F. Thomas and A. Perez Gracia (Eds.), Barcelona, Spain, pp. 49–57, Springer, 2014.

Transactions of the Canadian Society for Mechanical Engineering, Vol. 37, No. 4, 2013

1071

